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Abstract
(a) Let X :R2-R2 be a differentiable map (not necessarily C1) and let SpecðX Þ be the set of
(complex) eigenvalues of the derivative DXp when p varies in R
2: If, for some e40;
SpecðXÞ-½0; eÞ ¼ | then X is injective.
(b) Let X :R2-R2 be a differentiable vector ﬁeld such that Xð0Þ ¼ 0 and
SpecðXÞCfzAC :RðzÞo0g: Then, for all pAR2; there is a unique positive trajectory starting
at p; moreover the o-limit set of p is equal to f0g:
r 2004 Elsevier Inc. All rights reserved.
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0. Introduction
The main results of this article are the following theorems:
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Theorem 2.1. Let X :R2-R2 be a differentiable map (not necessarily of class C1). If,
for some e40; SpecðXÞ-½0; eÞ ¼ |; then X is injective.
Theorem 3.1. Let X :R2-R2 be a differentiable vector field such that Xð0Þ ¼ 0 and
SpecðX ÞCfzAC :RðzÞo0g: Then, for all pAR2; there is a unique positive trajectory
starting at p; moreover, the o-limit set of p is equal to f0g:
Theorem 3.1 above, restricted to the case of C1 vector ﬁelds, was proved
by Fessler and Gutierrez [13,15] (see also [18,20]). In this way, they proved the
bidimensional Markus–Yamabe conjecture which is not true in dimensions
greater than two [9]. Both theorems above are relevant with respect to the
following conjectures as it will be explained in the comments below. Let F :Rn-Rn
be a differentiable map. We denote by SpecðFÞ the set of (complex) eigen-
values of the derivative DFp; as p varies in R
n: One of the several
equivalent formulations of the famous Keller Jacobian Conjecture states
that if F :Rn-Rn is a polynomial map having constant non-zero Jacobian,
then F is injective. The Weak Markus–Yamabe Conjecture states that if F :Rn-Rn
is a C1 map such that SpecðFÞCfzAC :RðzÞo0g; then F is injective. The
Chamberland Conjecture [7] states that if F :Rn-Rn is a map of class C1 such
that, for some e40; SpecðFÞ-fzAC : jzjoeg ¼ |; then F is injective. It has already
been proved that the Chamberland conjecture implies the Weak Markus–Yamabe
one [12]. In this respect, Alexandrov stated in [1] a conjecture which is close to that of
Chamberland.
Comments:
(1) Theorem 2.1 is optimal in the following sense. If the assumptions are relaxed to
0eSpecðXÞ; then the conclusion, even for polynomial maps X ; need no longer be
true, as shown by Pinchuck’s counterexample [22]. Also Smyth and Xavier [27,
Theorem 4] proved that there exist integers n42 and non-injective polynomial maps
P :Rn-Rn with SpecðPÞ-½0;NÞ ¼ |:
(2) Theorem 2.1 implies the Fessler [13] and Gutierrez injectivity result, which
requires X be of class C1 and SpecðX Þ-½0;NÞ ¼ |: Theorem 2.1 also implies the
Cobo et al. [11] injectivity result, which needs X be of class C1 and the existence of an
e40 such that SpecðXÞ-ð	e; eÞ ¼ |:
(3) Theorem 2.1 conﬁrms, in a stronger way, the Chamberland and Alexandrov
conjectures in dimension 2. Theorem 2.1 does not imply the bidimensional real
Keller Jacobian conjecture, since given an even natural n; the polynomial map
Xðx; yÞ ¼ ð	y; x þ ynÞ has constant Jacobian equal to one and satisﬁes SpecðX Þ ¼
S1,ðR\f0gÞ:
(4) Campbell [4] classiﬁed the two-dimensional C1 maps whose eigen-
values are both 1: All such maps have an explicit inverse. The class of
functions considered in Theorem 2.1 is much broader, but no explicit
inverse is given. Also, the surjectivity of the maps studied by Campbell remains
as an open problem for the case of differentiable maps. The articles [8,10] are related
to [4].
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(5) As a sample of some recent work on global attractors, in other situations, we
may mention [29,14].
This paper is organized as follows. Section 1 is devoted to prove Theorem 2.1
under a stronger assumption. The proof of Theorem 2.1 is completed in Section 2.
Section 3 is devoted to the proof of Theorem 3.1.
1. A partial injectivity result
In this section we prove the following result:
Theorem 1.1. Let X ¼ ð f ; gÞ :R2-R2 be a differentiable map. If, for some e40;
SpecðX Þ-ð	e; eÞ ¼ |; then X is injective.
To this end we shall use the following Cˇernavskii’s theorem [5,6] (see also [28,24]).
Theorem 1.2. Let U be an open subset of R2 and X ¼ ð f ; gÞ : U-R2 be a
differentiable map such that, for all pAU ; DXp is non-singular. Then, for all pAU ;
there exist a neighborhood V ¼ VðpÞ and e ¼ eðpÞ40 such that X jV : V-ð f ðpÞ 	
e; f ðpÞ þ eÞ  ðgðpÞ 	 e; gðpÞ þ eÞ is a homeomorphism.
As a direct consequence of this result we obtain.
Corollary 1.3. Let X ¼ ð f ; gÞ :R2-R2 be a differentiable map such that, for all
pAR2; DXp is non-singular. Then the level curves f f ¼ constantg
(resp: fg ¼ constantg) make up a C0-foliation Fð f Þ (resp: FðgÞ) on R2; without
singularities, such that if L is a leaf of Fð f Þ (resp: FðgÞ) then gjL (resp: f jL) is strictly
monotone; in particular Fð f Þ and FðgÞ are transversal to each other.
Orient Fð f Þ (resp: FðgÞ) so that if L is an oriented leaf of Fð f Þ (resp: FðgÞ) then
gjL (resp: f jL) is increasing in conformity with the orientation of L:
Let a40 and s; g : ½	a; aÞ-R2 be injective C0-curves such that sð0Þ ¼ gð0Þ ¼ 0:
We say that g is transversal (resp. tangent) to s at gð0Þ ¼ sð0Þ; if there exist e40;
neighborhoods V of gð0Þ and U of ð0; 0Þ; in R2 and a homeomorphism H : V-U
such that for all jtjoe; H3sðtÞ ¼ ðt; 0Þ and H3gðtÞ ¼ ðt; tÞ (resp. H3gðtÞ ¼ ðt;fðtÞÞ;
where fðtÞX0 and fð0Þ ¼ 0). If g is tangent to s at gð0Þ ¼ sð0Þ; we say that the
tangency is generic if H and f (as right above) can be taken so that fðtÞ ¼ jtj: Fig. 1.
Let h0ðx; yÞ ¼ xy and consider the set
B ¼ fðx; yÞA½0; 2  ½0; 2 : 0ox þ yp2g:
Deﬁnition 1. Let X ¼ ð f ; gÞ :R2-R2 be a differentiable map such that, for all
pAR2; DXp is non-singular. Given hAf f ; gg; we will say that ACR2 is a half-Reeb
component for FðhÞ (or simply a hRc for FðhÞÞ if there is a homeomorphism
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H : B-A which is a topological equivalence between FðhÞjA and Fðh0ÞjB and such
that
(1) The segment fðx; yÞAB : x þ y ¼ 2g is sent by H onto a transversal section for
the foliation FðhÞ in the complement of Hð1; 1Þ; this section is called the compact
edge of A:
(2) Both segments fðx; yÞAB : x ¼ 0g and fðx; yÞAB : y ¼ 0g are sent by H onto
full half-trajectories of FðhÞ: These two semi-trajectories of FðhÞ are called the non-
compact edges of A: Fig. 2.
The connection between half-Reeb components and injectivity is given by the
following result.
Proposition 1.4. Suppose that X ¼ ð f ; gÞ :R2-R2 is a differentiable map such that
0eSpecðXÞ: If X is not injective, then both Fð f Þ and FðgÞ have hRc’s.
Proof. Suppose by contradiction that Fð f Þ has no half-Reeb components. Without
lost of generality we may assume that there are p1; p2AR2 such that Xðp1Þ ¼
Xðp2Þ ¼ ð0; 0Þ: For i ¼ 1; 2; let ai be the trajectory of Fð f Þ passing through pi: As
gjai is strictly monotone and gðp1Þ ¼ gðp2Þ ¼ 0; we obtain a1-a2 ¼ |: Let Oðp1; p2Þ
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Fig. 2. A half-Reeb component.
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be the set of compact arcs of R2 whose endpoints are p1 and p2 and which meet
transversally Fð f Þ at fp1; p2g:
(a) Among all elements of Oðp1; p2Þ take GAOðp1; p2Þ which minimizes the number
of tangencies with Fð f Þ:
We claim that:
(b) ai-G ¼ fpig; for i ¼ 1; 2:
If we assume, by contradiction, that a1-G contains properly fp1g; we may ﬁnd
qAG\fp1; p2g and a closed subinterval a of a1; with endpoints p1; q; such that a-G ¼
fp1; qg: We may assume that G is transversal to a at q: Let g denote the connected
component of G\fqg containing fp2g: We can see that a,g is an arc connecting p1
and p2 and also that Fð f Þ is tangent to G at some point of G\ðg,fp1g,fqgÞ: Under
these conditions, we may approximate a,g by an arc of Oðp1; p2Þ which has less
number of tangencies with Fð f Þ than G: This contradiction with (a) proves (b).
As f ðp1Þ ¼ f ðp2Þ ¼ 0; Fð f Þ is tangent to G at some point qefp1; p2g: By using (a),
we may assume that all tangencies of Fð f Þ with G are generic. Therefore, by looking
at the trajectories of Fð f Þ around q; we may see that there exist closed subintervals
½p; q; ½q; Tp of G with ½p; q-½q; Tp ¼ fqg; and a homeomorphism T : ½p; q-½q; Tp
such that,
(c1) Tq ¼ q and, for every xAðp; q; there is an arc of trajectory ½x; Txf of Fð f Þ;
starting at x; ending at Tx and meeting G exactly and transversally at fx; Txg;
(c2) the family f½x; Txf : xAðp; qg depends continuously on x and tends to fqg as
x-q:
From now on, suppose that
(d) ½p; q is maximal with respect to properties (c1) and (c2) above.
Then, using (b) and the fact that Fð f Þ has no Reeb components, we obtain
fp; Tpg-fp1; p2g ¼ |: We claim that
(e) there is no arc of trajectory ½p; Tpf of Fð f Þ connecting p and Tp such that the
family f½x; Txf : xAðp; qg approaches continuously to ½p; Tpf as x goes to p:
In fact, suppose that (e) is false. Then, by using (d) and the fact that Fð f Þ has no
Reeb components, we conclude ½p; Tpf is tangent to G at least at one of the points of
fp; Tpg: Under these circumstances, it is not difﬁcult to approximate the curve,
which is the union of ½p; Tpf with G\ððp; q,½q; TpÞÞ; by a curve G1AOðp1; p2Þ which
has less tangencies with Fð f Þ than G: This contradiction with (a) proves (e).
Therefore, the subinterval ½p; q,½q; Tp is the compact edge of a half-Reeb
component of Fð f Þ made up of two half trajectories of Fð f Þ starting at p and
Tp; respectively, together with the union of the arcs ½x; Txf ; with xAðp; q: This
ﬁnishes the proof. &
For each yAR let Ry denote the linear rotation
cos y 	sin y
sin y cos y
 
:
The following proposition will be needed.
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Proposition 1.5. Let X ¼ ð f ; gÞ :R2-R2 be a non-injective, differentiable map such
that 0eSpecðXÞ: Let A be a hRc of Fð f Þ and let ð fy; gyÞ ¼ Ry3X3R	y; yAR: If PðAÞ
is bounded, where P :R2-R is given by Pðx; yÞ ¼ x; then there is an e40 such that,
for all yAð	e; 0Þ,ð0; eÞ; Fð fyÞ has a hRc Ay such that PðAyÞ is an interval of infinite
length.
Proof. (a) Let yAR be such that, for all mAZ; yamp2 : Then Fð fyÞ and FðgyÞ are
transversal to both RyðFð f ÞÞ and RyðFðgÞÞ:
In fact, we shall only prove that Fð fyÞ is transversal to RyðFð f ÞÞ:
If a : ða; bÞ-R2 is an injective curve contained in a leaf of Fð f Þ; then
fyðRy3aðtÞÞ ¼ ðcos yÞf ðaðtÞÞ 	 ðsin yÞgðaðtÞÞ which is strictly monotone, because
f ðaðtÞÞ  constant; gðaðtÞÞ is strictly monotone and sin ya0: Without lost of
generality, we may assume that nearby its endpoints, the compact edge of A is made
up of arcs of FðgÞ: In this way there exist a40 and an injective, continuous curve
g : ð	a; 1þ aÞ-A such that
(b1) g½0; 1 is a compact edge of A;
(b2) gjð	a;aÞ and gjð1	a;1þaÞ are contained in leaves of FðgÞ;
(b3) for some 0odoa there exists an orientation reversing, injective function
j0 : ½	d; d-ð1	 a; 1þ aÞ, with j0ð0Þ ¼ 1; such that f ðgðsÞÞ ¼ f ðgðj0ðsÞÞÞ; also, if
sAð0; dÞ; then j0ðsÞAð1	 a; 1 and there exist an arc of trajectory T0ðsÞCA; of
Fð f Þ; connecting gðsÞ with gðj0ðsÞÞ: Fig. 3.
In a similar way to that of (b1)–(b3), we shall consider now a family of arcs of
trajectory of Fð fyÞ meeting RyðAÞ and starting and ending at points of
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Ry3gðð	a; 1þ aÞÞ: If e40 is small enough, then for each jyjoe; there exist an
orientation reversing continuous injective function jy : ½	d; d-ð1	 a; 1þ aÞ and
syA½	d; d=2Þ such that
(c1) fyðRyðgðsÞÞÞ ¼ fyðRyðgðjyðsÞÞÞÞ;
(c2) for all sAðsy; d2 there is an arc of trajectory TyðsÞ of Fð fyÞ which meets
Ryðgð½	d; 1þ aÞÞ exactly at its endpoints RyðgðsÞÞ; RyðgðjyðsÞÞÞ;
(c3) Tyðd2ÞCRyðAÞ and sy is the inﬁmun of the set of sA½	d; d2 such that the arcs of
the family fTyðsÞ : sospd2g are well deﬁned and depend continuously on s;
(c4) jyð	dÞ41:
The family fTyðsÞg cannot be continuously extended to s ¼ 	d because jyð	dÞ41
and, as we can easily see, such an arc Tyð	dÞ would have a tangency with RyðFð f ÞÞ
at a point of RyðAÞ (see (a)).
Therefore, the set
S
syospd2
TyðsÞ contains a half-Reeb component B of Fð fyÞ:
Also we may easily see that one of the non-compact edges of B must be contained in
RyðAÞ: This implies that PðBÞ is an inﬁnite length interval. &
The proof of the following lemma can be found in [25] (see also [3,16]).
Lemma 1.6. Let I be a bounded interval of R and H : I-R be a bounded measurable
function. If A denote the set of xAI such that
lim
h-0
jHðx þ hÞ 	 HðxÞj
jhj ¼N:
Then A is a (Lebesgue) measure set zero.
Proof of Theorem 1.1. Suppose by contradiction that X ¼ ð f ; gÞ is not injective. By
Proposition 1.4, Fð f Þ has a half-Reeb component A: Let P :R2-R be the
orthogonal projection onto the ﬁrst coordinate. By composing with a rotation if
necessary (see Proposition 1.5) we may assume that PðAÞ is an unbounded interval.
To simplify matters, let us suppose that ½b;NÞCPðAÞ: Then, if a4b is enough large,
(a) For any xXa; the vertical line P	1ðxÞ intersects exactly one trajectory axCA
of Fð f ÞjA such that PðaxÞ-ðx;NÞ ¼ |: In other words, x is the maximum for the
restriction Pjax :
As ax is a continuous curve, it follows that
(b) If xXa; ax-P	1ðxÞ is a compact subset of A:
Let H : ða;NÞ-R be deﬁned by
HðxÞ ¼ supfy : ðx; yÞAax-P	1ðxÞg:
As Fð f Þ is a foliation, we may obtain that the function
(c) jðxÞ ¼ f ðx; HðxÞÞ is a strictly monotone continuous function which, when
restricted to any interval ða; b; is bounded; in particular, j is differentiable a.e.
We claim that
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(d) H is upper semicontinuous; thus, H is a measurable function.
In fact, suppose by contradiction that H is not upper semicontinuous at x04a: As
H restricted to ða; x0 þ 1Þ is bounded there exist cAR and a sequence xn-x0 such
that Hðx0Þoc and HðxnÞ-c: However, j is continuous. Hence,
f ðx0; cÞ ¼ lim
n-N
f ðxn; HðxnÞ ¼ lim
n-N
jðxnÞ ¼ jðx0Þ ¼ f ðx0; Hðx0ÞÞ:
This contradiction proves (d).
By (d) above and Lemma 1.6 if a40 is large enough, there exists a full measure
subset M of ða;NÞ such that
(e) If xAM; then j is differentiable at x and
lim inf
h-0
jHðx þ hÞ 	 HðxÞj
jhj oN:
To proceed we shall only consider the case in which j is strictly increasing. We
claim that
( f) If xAM; then j0ðxÞ ¼ fxðx; HðxÞÞXe:
In fact, if xAM; there exists a sequence hn-0 such that limn-N knhn ¼ sAR; where
kn ¼ Hðx þ hnÞ 	 HðxÞ: Also, by the structure of the level curves of f jA and the
assumptions that j is increasing,
f ðx; HðxÞÞ ¼ inff f ðx; yÞ : yAP	1ðxÞ-Ag:
This implies that fyðx; HðxÞÞ ¼ 0: Hence, as f is differentiable at ðx; HðxÞÞ; there are
real valued functions e1; e2 deﬁned in a neighborhood of ð0; 0Þ such that
f ðx þ hn; HðxÞ þ knÞ ¼ f ðx; HðxÞÞ þ fxðx; HðxÞÞhn þ e1ðhn; knÞhn þ e2ðhn; knÞkn
and limn-N e1ðhn; knÞ ¼ limn-N e2ðhn; knÞ ¼ 0: Therefore, for n large enough,
jðx þ hnÞ 	 jðxÞ
hn
¼ fxðx; HðxÞÞ þ e1ðhn; knÞ þ e2ðhn; knÞkn
hn
which implies that
j0ðxÞ ¼ lim
n-N
jðx þ hnÞ 	 jðxÞ
hn
¼ fxðx; HðxÞÞ:
Therefore
DX ðx; HðxÞÞ ¼ j
0ðxÞ 0
gxðx; HðxÞÞ gyðx; HðxÞÞ
 
i.e. j0ðxÞ is an eigenvalue of DX ðx; HðxÞÞ: By the assumption of the theorem and the
assumptions that j is strictly increasing, ( f) is proved.
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As f jA is bounded, j is bounded. Hence, there is a constant K40 such that for all
x4a; jðaÞpjðxÞpK : Take c4a so that ðc 	 aÞe4K : Then we have that
K4jðcÞ 	 jðaÞX
Z c
a
j0ðxÞ dxX
Z c
a
e dx ¼ ðc 	 aÞe4K :
This contradiction proves the theorem. &
2. Injectivity result
This section is devoted to the proof of the following:
Theorem 2.1. Let X :R2-R2 be a differentiable map. If, for some e40;
SpecðX Þ-½0; eÞ ¼ |; then X is injective.
We shall need the following:
Lemma 2.2. Let F :Rn-Rn be a differentiable map such that detðF 0ðxÞÞa0 for all x
in Rn: Given tAR; let Ft :Rn-Rn denote the map FtðxÞ ¼ FðxÞ 	 tx: If there exists a
sequence ftmg of real numbers converging to 0 such that every map Ftm :Rn-Rn is
injective, then F is injective.
Proof. Choose x1; x2ARn such that Fðx1Þ ¼ y ¼ Fðx2Þ: We will prove x1 ¼ x2: By
the Inverse Mapping Theorem 1.2, we may ﬁnd neighborhoods U1; U2; V of x1; x2; y;
respectively, such that, for i ¼ 1; 2; F jUi : Ui-V is a homeomorphism and U1-U2 ¼
|: If m is large enough, then FtmðU1Þ-FtmðU2Þ will contain a neighborhood W of y:
In this way, for all wAW ; #ðF	1tm ðwÞÞX2: This contradiction with the assumptions,
proves the lemma. &
Remark 2.3. Even if n ¼ 1 and the maps Ftm in Lemma 2.2 are smooth diffeomorphisms,
we cannot conclude that F is a diffeomorphism. For instance, if F :R-ð0; 1Þ is an
orientation reversing diffeomorphism, then for every t40; the map Ft :R-R (deﬁned by
FtðxÞ ¼ FðxÞ 	 txÞ will be an orientation reversing global diffeomorphism.
Proof of Theorem 2.1. We claim that for each 0otoe; the map Ft :R2-R2; given by
FtðxÞ ¼ FðxÞ 	 tx; is injective.
In fact, as DðFtÞðxÞ ¼ DFðxÞ 	 tI ; (where I is the Identity map), we obtain that if
0oaominft; e	 tg; then SpecðFtÞ-ð	a; aÞ ¼ |: This theorem follows immediately
from Lemma 2.2 and Theorem 1.1. &
3. Global asymptotic stability
Under the stronger assumptions that X is injective and of class C1; theorem below
was proved by Olech in 1963 (see [20]). In virtue of the injectivity Theorem 2.1 and
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some Continuous Vector Field Theory, the main ideas to prove next theorem are
essentially the ones contained in [20].
Theorem 3.1. Let X ¼ ð f ; gÞ :R2-R2 be a differentiable vector field such that
Xð0Þ ¼ 0 and SpecðX ÞCfzAC :RðzÞo0g: Then, for all pAR2; there is a unique
positive trajectory starting at p; moreover, the o-limit set of p is equal to f0g:
Let X  ¼ ð	g; f Þ :R2-R2: Observe that X  is orthogonal to X ¼ ð f ; gÞ: In the
following, the same notation as that for intervals of R will be used for oriented arcs
of trajectory ½p; q; ½p; qÞ;y (resp: ½p; q; ½p; qÞ;y), connecting the points p and q;
of X (resp. of X ). The orientation of these arcs is that induced by X (resp. by X Þ:
For any arc of trajectory ½p; q we have the function Lðp; qÞ; given by
Lðp; qÞ ¼
Z
½p;q
jjX jj ds

;
where ds denotes the arc length element.
Lemma 3.2. Let A be a compact rectangle the boundary of which is made up of the
following (oriented) arcs of trajectory: ½p1; q1; ½p2; q2 of X and ½p1; p2; ½q1; q2 of X :
Then
Lðq1; q2Þ 	 Lðp1; p2Þo0: ð1Þ
Proof. It follows from the Green’s Formula, as presented in [21, Corollary 5.7] and
the assumptions that TraceðDX Þo0 everywhere in A; that TraceðDX Þ is Lebesgue
integrable in A and that
Lðq1; q2Þ 	 Lðp1; p2Þ ¼
Z
A
TraceðDX Þ dx4dyo0:
This ﬁnishes the proof. &
Lemma 3.3. For every pAR2; there is only one positive half-trajectory of X starting at
p:
Proof. Suppose, by contradiction, that there are two positive half-trajectories gþp and
sþp starting at p: As X ðpÞa0; we may take a triangle (i.e. a degenerate rectangle) the
boundary of which is made up of two arcs of trajectory ½p; q1Cgþp ; ½p; q2Csþp of X
and one arc of trajectory ½q1; q2 of X : By applying (1) of Lemma 3.2 we will obtain
Lðq1; q2Þo0:
This contradiction proves the lemma. &
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In next lemma we shall need to what extent ﬂow behavior persist when uniqueness
fails. This has been studied, for instance, in [17,23,26]. Given the arcs ðp; qÞ; ½p; qÞ;y
(resp. ðp; qÞ; ½p; qÞ;y) of X (resp. of X ), their arc length will be denoted by let
cðp; qÞ (resp. cðp; qÞ).
Lemma 3.4. Let W be a relatively compact open neighborhood of 0AR2 and
p1AR2\W : If e40 is small enough, there exists d40 such that if ½p1; q1 is an arc of
trajectory of X ; with ½p1; q1-W ¼ | and ½p1; p2 (resp: ½p2; p1) is an arc of trajectory
of X ; with cðp1; p2Þod; then there are arcs of trajectory ½p2; q2 of X and ½q1; q2 of
X  (resp: ½q2; q1 of X ), such that cðq1; q2Þoe:
Proof. Let UCR2\W be an open disc centered at p1: Let V be an open
neighborhood of 0 such that VC %VCW : As X ð0Þ ¼ 0 and X is injective (see
Theorem 2.1), there exists r40 such that for all pAR2\V ; jjX ðpÞjj4r: Let D ¼
supfjjXðpÞjj : pAUg: Take e40 smaller than the distance between V and R2\W and
take d40 smaller than both ðerÞ=D and the radius of U :
Observe ﬁrst that if such a rectangle Rðp1; q1; q2Þ (made up of ½p1; q1; ½p1; p2;
½p2; q2; ½q1; q2Þ exists, then
rcðq1; q2ÞpLðq1; q2ÞoLðp1; p2ÞpDcðp1; p2Þ
and so
cðq1; q2ÞpDr cðp1; p2Þ

which, by the assumptions above, imply that cðq1; q2Þoe:
Let m be the supremum of all xA½p1; q1 such that, for all yA½p1; xÞ; Rðp1; y; q2Þ
exists. By using Proposition 2.1 and Corollary 2.2 of [23], it follows from the remarks
above and that m ¼ q1: This proves the lemma. &
Let W s denote the set of points in R2 whose o-limit set is the origin:
W s ¼ fpAR2 :oðpÞ ¼ f0gg:
From our assumption the origin is a local sink, so it follows from lemma right above
that:
Corollary 3.5. W s is a non-empty open set.
Lemma 3.6. The vector field X has no closed trajectories; moreover, given pAR2 the o-
limit set of p; denoted by oðpÞ; is either f0g or the empty set.
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Proof. It follows directly from the Green’s Formula that X has no closed orbits.
Then by using arguments of the classical Poincare´ Bendixson Theorem, we may
easily obtain the conclusions of the lemma. &
Proof of Theorem 3.1. By using Corollary 3.5, W s is a non-empty open set. By
Lemma 3.4 it can be obtained that R2\W s is an open set. By the connectedness of R2
we conclude that W s ¼ R2: &
Acknowledgments
We thank H. Weiss, for very helpful comments to a preliminary version of this
article, and the Pennsylvania State University, at State College, where C. Gutierrez
was visiting during the preparation of this manuscript. We thank G.T.A. Moreira
(Gugu) for very helpful conversations. We thank the referee whose comments have
been appreciated and incorporated into this work.
References
[1] V.A. Alexandrov, Remarks on Eﬁmov’s Theorem about differential tests of homeomorphism, Rev.
Roumanie Math. Pures Appl. 36 (3–4) (1991) 101–105.
[3] H. Blumberg, The measurable boundaries of an arbitrary function, Acta Math. 65 (1935) 263–282.
[4] L.A. Campbell, Unipotent Jacobian matrices and univalent maps, Contemp. Math. 264 (2000)
157–177.
[5] A.V. Cˇernavskii, Finite-to-one open mappings of manifolds, Mat. Sbornik 65 (1964) 357–369.
[6] A.V. Cˇernavskii, Addendum to the paper Finite-to-one open mappings of manifolds, Mat. Sbornik
66 (1965) 471–472.
[7] M. Chamberland, G. Meisters, A mountain pass to the Jacobian Conjecture, Canad. Math. Bull.
41 (1998) 442–451.
[8] M. Chamberland, Characterizing two-dimensional maps whose Jacobians have constant eigenvalues,
Canad. Math. Bull. 46 (3) (2003) 323–331.
[9] A. Cima, A. van den Essen, A. Gasull, E. Hubbers, F. Man˜osas, A polynomial counterexample to the
Markus–Yamabe Conjecture, Adv. Math. 131 (1997) 453–457.
[10] A. Cima, A. Gasull, F. Man˜osas, The discrete Markus–Yamabe problem, Nonlinear Anal. 35 (1999)
343–354.
[11] M. Cobo, C. Gutierrez, J. Llibre, On the injectivity of C1 maps of the real plane, Canad. J. Math.
54 (6) (2002) 1187–1201.
[12] A. Fernandes, C. Gutierrez, R. Rabanal, On local diffeomorphisms of Rn that are injective,
Qualitative Theory of Dynamical Systems, to appear.
[13] R. Fessler, A proof of the two dimensional Markus–Yamabe stability conjecture and a generalization,
Ann. Polon. Math. LXII (1995) 45–74.
[14] O. Goubet, R. Rosa, Asymptotic smoothing and the global attractor of a weakly damped KdV
equation on the real line, J. Differential Equations 185 (2002) 25–53.
[15] C. Gutierrez, A solution to the bidimensional global asymptotic stability conjecture, Ann. Inst. H.
Poincare´ Anal. Non Lineaire 12 (1995) 627–671.
[16] E.H. Hanson, A theorem of Denjoy, Young and Saks, Bull. Amer. Math. Soc. 40 (1934) 691–694.
ARTICLE IN PRESS
A. Fernandes et al. / J. Differential Equations 206 (2004) 470–482 481
[17] E. Kamke, Zur Theorie der Systeme gewo¨hnlicher Differentialgleichungen II, Acta Math. 58 (1932)
57–85.
[18] L. Markus, H. Yamabe, Global stability criteria for differential systems, Osaka Math. J. 12 (1960)
305–317.
[20] C. Olech, On the global stability of an autonomous system on the plane, Cont. Differential Equations
1 (1963) 389–400.
[21] W.F. Pfeffer, The multidimensional fundamental theorem of calculus, J. Austral. Math. Soc. (Ser. A)
43 (1987) 143–170.
[22] S. Pinchuck, A counterexample to the strong Jacobian conjecture, Math. Z. 217 (1994) 1–4.
[23] C. Pugh, Funnel sections, J. Differential Equations 19 (2) (1975) 270–295.
[24] S. Radulescue, M. Radulescu, Local inversion theorems without assuming continuous differentia-
bility, J. Math. Anal. Appl. 138 (2) (1989) 581–590.
[25] S. Saks, Sur les nombres de´rive´s des fonctions, Fundamenta Math. 5 (1924) 98–104.
[26] A.G. Sell, On the fundamental theory of ordinary differential equations, J. Differential Equations
1 (1965) 370–392.
[27] B. Smyth, F. Xavier, Injectivity of local diffeomorphisms from nearly spectral conditions,
J. Differential Equations 130 (1996) 406–414.
[28] J. Va¨isa¨la¨, Discrete open mappings on manifolds, Ann. Acad. Sci. Fenn. Ser. A I 392 (1966) 10.
[29] Xiao-Qiang Zhao, Global attractivity in monotone and subhomogeneous almost periodic systems,
J. Differential Equations 187 (2003) 494–509.
ARTICLE IN PRESS
A. Fernandes et al. / J. Differential Equations 206 (2004) 470–482482
